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Zadatak 4. Grafički prikaži sljedeće funkcije:

1) f (x) = 5
x − 2

x2 ;

2) f (x) =
x2 − 1

x2 + 1
;

3) f (x) =
x2 − 2x + 4
x2 + x − 2

;

4) f (x) =
x2 − 4x + 3

x2 − 2x
;

5) f (x) =
x2 − 1

x4 + 1
;

6) f (x) =
1 − 4x2

4x2(1 + x2)
;

7) f (x) =
1

x + 1
+

1
x − 1

;

8) f (x) =
1 − x
x − 2

.

Rješenje. 1) f (x) =
5(x − 2)

x2

Df = R \ {0}
lim

x→0+
f (x) = lim

x→0−
f (x) = −∞, x = 0 vertikalna asimptota

f (x) = 0 =⇒ x = 2 nultočka

lim
x→±∞ f (x) = 0, y = 0 horizontalna asimptota

x 〈−∞, 0〉 〈 0, 2〉 〈 2, +∞〉
f (x) − − +

f ′(x) = 5
x2 − (x − 2)2x

x4 = 5
x − 2x + 4

x3 =
5(4 − x)

x3

f ′(x) = 0 =⇒ x = 4, f (4) =
5
8

x 〈−∞, 0〉 〈 0, 4〉 〈 4, +∞〉
f ′(x) − + −

f ′′(x) = 5
(−1)x3 − (4 − x)3x2

x6 = 5
−x − (4 − x)3

x4

=
5(−x − 12 + 3x)

x4 =
5(2x − 12)

x4 =
10(x − 6)

x4

f ′′(4) < 0 =⇒ M
(

4,
5
8

)
f ′′(x) = 0 =⇒ x = 6, f (6) =

5
9

=⇒
(

6,
5
9

)
infleksija

x 〈−∞, 0〉 〈 0, 6〉 〈 6, +∞〉
f ′′(x) − − +
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y

x

2) f (x) =
x2 − 1

x2 + 1
,

Df = R

f (x) = 0 =⇒ x = ±1 nultočka

lim
x→±∞

x2 − 1

x2 + 1
= 1 =⇒ y = 1 horizontalna asimptota

x 〈−∞,−1〉 〈−1, 1〉 〈 1, +∞〉
f (x) + − +

f ′(x) =
2x(x2 + 1) − (x2 − 1)2x

(x2 + 1)2 =
2x(x2 + 1 − x2 + 1)

(x2 + 1)2 =
4x

(x2 + 1)2

f ′(x) =0 =⇒ x = 0, f (0) = −1

x 〈−∞, 0〉 〈 0, +∞〉
f ′(x) − +

f ′′(x) =
4(x2 + 1)2 − 4x · 2 · 2x(x2 + 1)

(x2 + 1)4 =
4x2 + 4 − 16x2

(x2 + 1)3 =
4(1 − 3x2)
(x2 + 1)3

f ′′(0) >0 =⇒ m(0,−1)

f ′′(x) =0 =⇒ x1,2 = ±
√

3
3

, f
(
±
√

3
3

)
=

3
9 − 1
3
9 + 1

=
− 2

3
4
3

= −1
2

=⇒
(
±
√

3
3

,−1
2

)
infleksija

x
〈
−∞,−

√
3

3

〉 〈
−
√

3
3

,

√
3

3

〉 〈√3
3

, +∞
〉

f ′′(x) − + −

x

y
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3) f (x) =
x2 − 2x + 4
x2 + x − 2

=
(x − 1)2 + 3

(x − 1)(x + 2)
,

Df = R \ {−2, 1}
lim

x→−2−
f (x) = +∞, lim

x→−2+
f (x) = −∞ x = −2 vertikalna asimptota

lim
x→1−

f (x) = −∞, lim
x→1+

f (x) = +∞ x = 1 vertikalna asimptota

f (x) �= 0, ∀x ∈ R, lim
x→±∞ f (x) = 1 =⇒ y = 1 horizontalna asimptota

x 〈−∞,−2〉 〈−2, 1〉 〈 1, +∞〉
f (x) + − +

f ′(x) =
(2x − 2)(x2 + x − 2) − (2x + 1)(x2 − 2x + 4)

(x2 + x − 2)2

=
2x3 + 2x2 − 2x2 − 4x − 2x + 4 − 2x3 + 4x2 − x2 − 8x + 2x − 4

(x2 + x − 2)2

f ′(x) =
3x2 − 12x

(x2 + x − 2)2 =
3x(x − 4)

(x2 + x − 2)2

f ′(x) =0 =⇒ x1 = 0, x2 = 4, f (0) = −2, f (4) =
2
3

x 〈−∞,−2〉 〈−2, 0〉 〈 0, 1〉 〈 1, 4〉 〈 4, +∞〉
f ′(x) + + − − +

f ′′(x) =
(6x − 12)(x2 + x − 2)2 − (3x2 − 12x)2(x2 + x − 2)(2x + 1)

(x2 + x − 2)4

=
(6x − 12)(x2 + x − 2) − (6x2 − 24x)(2x + 1)

(x2 + x − 2)3

=
6x3 + 6x2 − 12x − 12x2 − 12x + 24 − 12x3 − 6x2 + 48x2 + 24x

(x2 + x − 2)3

=
−6x3 + 36x2 + 24

(x2 + x − 2)3

f ′′(0) <0 =⇒ M(0,−2), f ′′(4) < 0 =⇒ m
(

4,
2
3

)
infleksiju teško naći
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x

y

4) f (x) =
x2 − 4x + 3

x2 − 2x
=

(x − 1)(x − 3)
x(x − 2)

,

Df = R \ {0, 2}
lim

x→0−
f (x) = +∞, lim

x→0+
f (x) = −∞ x = 0 vertikalna asimptota

lim
x→2−

f (x) = +∞, lim
x→2+

f (x) = −∞, x = 2 vertikalna asimptota

lim
x→±∞ f (x) = 1 =⇒ y = 1 horizontalna asimptota

f (x) = 0 =⇒ x1 = 1, x2 = 3 nultočka

x 〈−∞, 0〉 〈 0, 1〉 〈 1, 2〉 〈 2, 3〉 〈 3, +∞〉
f (x) + − + − +

f ′(x) =
(2x − 4)(x2 − 2x) − (2x − 2)(x2 − 4x + 3)

(x2 − 2x)2

=
2x3 − 4x2 − 4x2 + 8x − 2x3 + 8x2 − 6x + 2x2 − 8x + 6

(x2 − 2x)2

f ′(x) =
2x2 − 6x + 6
(x2 − 2x)2 =

2(x2 − 3x + 3)
(x2 − 2x)2 > 0, ∀x ∈ Df

f ′′(x) =
(4x − 6)(x2 − 2x)2 − 2(x2 − 2x)(2x − 2)(2x2 − 6x + 6)

(x2 − 2x)4

=
(4x − 6)(x2 − 2x) − (4x − 4)(2x2 − 6x + 6)

(x2 − 2x)3

=
4x3 − 8x2 − 6x2 + 12x − 8x3 + 24x2 − 24x + 8x2 − 24x + 24

(x2 − 2x)3

f ′′(x) =
−4x3 + 18x2 − 36x + 24

(x2 − 2x)3 infleksiju teško naći
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y

x

5) f (x) =
x2 − 1

x4 + 1
,

Df = R, f (x) = 0 =⇒ x1 = −1, x2 = 1 nultočka

lim
x→±∞ f (x) = 0 =⇒ y = 0 horizontalna asimptota

x 〈−∞,−1〉 〈−1, 1〉 〈 1, +∞〉
f (x) + − +

f ′(x) =
2x(x4 + 1) − 4x3(x2 − 1)

(x4 + 1)2 =
2x5 + 2x − 4x5 + 4x3

(x4 + 1)2

=
−2x5 + 4x3 + 2x

(x4 + 1)2 =
−2x(x4 − 2x2 − 1)

(x4 + 1)2

x4 − 2x2 − 1 = 0

(x2 − 1)2 = 2

x2 − 1 = ±
√

2

x2 = 1 ±
√

2

x1,2 = ±
√

1 +
√

2 ≈ 1.5

f ′(x) =0 =⇒ x1 = 0, x2,3 = ±
√

1 +
√

2 ≈ ±1.5,

f (0) = − 1, f
(
±
√

1 +
√

2
)

=
1
2
(
√

2 − 1) ≈ 0.2

x 〈−∞,−
√

1 +
√

2〉 〈−
√

1 +
√

2, 0〉 〈 0,
√

1 +
√

2〉 〈
√

1 +
√

2, +∞〉
f ′(x) + − + −

f ′′(x)= [−2(x4−2x2−1)−2x(4x3−4x)](x4+1)2+2x(x4−2x2−1)2(x4+1)4x3

(x4+1)4

f ′′(0) >0 =⇒ m(0,−1), f ′′
(
±
√

1+
√

2
)

< 0 =⇒ M
(
±
√

1+
√

2,
1
2
(
√

2−1)
)

infleksiju teško naći.
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x

y

6) f (x) =
1 − 4x2

4x2(1 + x2)
,

Df = R∗

lim
x→0−

f (x) = lim
x→0+

f (x) = +∞, x = 0 vertikalna asimptota

f (x) = 0 =⇒ x1,2 = ±1
2

nultočka

lim
x→±∞ f (x) = 0 =⇒ y = 0 horizontalna asimptota

x
〈
−∞,−1

2

〉 〈
−1

2
, 0
〉 〈

0,
1
2

〉 〈1
2
, +∞

〉
f (x) − + + −

f ′(x) =
−8x(1 + x2)4x2 − (1 − 4x2)[8x(1 + x2) + 4x2 · 2x]

16x4(1 + x2)2

=
−32x3(1 + x2) − (1 − 4x2)8x(1 + x2 + x2)

16x4(1 + x2)

=
−8x[4x2(1 + x2) + (1 − 4x2)(1 + 2x2)]

16x4(1 + x2)

=
−1 − 2x2 + 4x2 + 8x4 − 4x2 − 4x4

2x3(1 + x2)2

f ′(x) =
4x4 − 2x2 − 1

2x3(1 + x2)

4x4 − 2x2 − 1 = 0 =⇒ x2 =
2 +

√
4 + 16
8

=
2 + 2

√
5

8
=

1 +
√

5
4

=⇒ x = ±
√

1 +
√

5
4

≈ ±0.9, f (x) ≈ −0.25

x
〈
−∞,−

√
1+

√
5

4

〉 〈
−
√

1+
√

5
4

, 0
〉 〈

0,

√
1+

√
5

4

〉 〈√1+
√

5
4

, +∞
〉

f ′(x) − + − +
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x

y

7) f (x) =
1

x + 1
+

1
x − 1

=
x + 1 + x − 1
(x + 1)(x − 1)

=
2x

x2 − 1
,

Df = R \ {−1, 1}
lim

x→−1−
f (x) = −∞, lim

x→−1+
f (x) = +∞ x = −1 vertikalna asimptota

lim
x→1−

f (x) = −∞, lim
x→1+

f (x) = +∞ x = 1 vertikalna asimptota

lim
x→±∞ f (x) = 0 =⇒ y = 0 horizontalna asimptota

f (x) = 0 =⇒ x = 0 nultočka

x 〈−∞,−1〉 〈−1, 0〉 〈 0, 1〉 〈 1, +∞〉
f (x) − + − +

f ′(x) =
2(x2−1)−2x·2x

(x2−1)2 =
2x2−2−4x2

(x2−1)2 =
−2(x2+1)
(x2−1)2 =< 0, ∀x ∈ Df

f ′′(x) =−2
2x(x2−1)2−(x2+1)2(x2−1)2x

(x2−1)4 = −2
2x(x2−1)(x2−1−2x2−2)

(x2−1)4

f ′′(x) =
−4x(−x2−3)

(x2−1)3 =
4x(x2+3)
(x2−1)3 , f ′′(x) = 0 =⇒ x = 0

x 〈−∞,−1〉 〈−1, 0〉 〈 0, 1〉 〈 1, +∞〉
f ′′(x) − + − +

8) f (x) =
1 − x
x − 2

, (oblik f (x) =
ax + b
cx + d

) – razlomljena linearna funkcija

Df = R \ {2}
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lim
x→2−

f (x) = +∞, lim
x→2+

f (x) = −∞ =⇒ x = 2 vertikalna asimptota

f (x) = 0 =⇒ x = 1 nultočka

lim
x→±∞ f (x) = −1 =⇒ y = −1 horizontalna asimptota

x 〈−∞, 1〉 〈 1, 2〉 〈 2, +∞〉
f (x) − + −

f ′(x) =
−(x − 2) − (1 − x)

(x − 2)2 =
−x + 2 − 1 + x

(x − 2)2 =
1

(x − 2)2 > 0, ∀x ∈ Df

f ′′(x) =
−2

(x − 2)3 =
2

(2 − x)3

f (0) = − 1
2

x 〈−∞, 2〉 〈 2, +∞〉
f ′′(x) + −
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